The properties of sendograph metric on fuzzy number spaces by Huang, Huan
ar
X
iv
:1
30
7.
67
56
v1
  [
ma
th.
GM
]  
24
 Ju
l 2
01
3
The properties of sendograph metric on fuzzy
number spaces
Huan Huang
Department of Mathematics, Jimei University, Xiamen 361021, China
Abstract
This paper discusses the variation of sendograph distances under some algebra op-
erations.
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1 Introduction and preliminaries
The sendograph metric is a type of widely used metric on the fuzzy numbers
spaces. This paper discusses the properties of sendograph metric. First, we
give an overview of fuzzy number spaces, For more details on this topic, see
Ref. [1–3].
Let N be the set of all natural numbers, let Rp be the p-dimensional Euclid
space, and let F (Rp) represent all fuzzy subsets on Rp, i.e. functions from Rp
to [0, 1]. For u ∈ F (Rp), let [u]α denote the α-cut of u, i.e.
[u]α =


{x ∈ Rp : u(x) ≥ α}, α ∈ (0, 1],
supp u = {x ∈ Rp : u(x) > 0}, α = 0.
We call u ∈ F (Rp) a p-dimensional fuzzy number if [u]α ∈ Kc(Rp) for all
α ∈ [0, 1], where Kc(Rp) denotes the set of all nonempty compact and convex
subset of Rp. The set of all p-dimensional fuzzy numbers is denoted by Ep.
The algebraic operations on Ep are defined as follows: given u, v ∈ Ep, α ∈
[0, 1], r ∈ R,
[u+ v]α = [u]α + [v]α = {x+ y : x ∈ [u]α, y ∈ [v]α},
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[r · u]α = r · [u]α = {r · x : x ∈ [u]α}.
Many metrics and topologies on Ep are based on the well-known Hausdorff
metric. Suppose that K(Rp) is the set of all nonempty compact sets of Rp.
The Hausdorff metric H on K(Rp) is defined by:
H(U, V ) = max{H∗(U, V ), H∗(V, U)}
for arbitrary U, V ∈ K(Rp), where
H∗(U, V ) = sup
u∈U
d (u, V ) = sup
u∈U
inf
v∈V
d (u, v).
Given u ∈ Ep, the sendograph and endograph of u are defined, respectively,
by:
send u = {(x, α) ∈ [u]0 × [0, 1] : u(x) ≥ α},
end u = {(x, α) ∈ Rp × [0, 1] : u(x) ≥ α}.
The sendograph metric D, the endograph metric Γ, the supremum metric d∞
and the Lq-type metric dq on E
p are defined by
D(u, v) = H(send u, send v),
Γ(u, v) = H(end u, end v),
d∞(u, v) = sup
α∈[0,1]
H([u]α, [v]α),
dq (u, v) =
(∫ 1
0
(
dH([u]α, [v]α)
)q
dα
)1/q
,
respectively, for all u, v ∈ Ep. It can be checked that Γ(u, v) ≤ D(u, v) ≤
d∞(u, v) for all u, v ∈ Ep.
We say a sequence {um, m = 1, 2 . . .} level converges to u in Ep, denoted by
um
l→ u, if lim
m→∞
H([um]α, [u]α) = 0 for each α ∈ [0, 1].
Let u, um in E
p, m = 1, 2, . . ., then
um
d∞→ u⇒ um l→ u⇒ um D→ u⇒ um dq→ u⇒ um Γ→ u.
2 The properties of sendograph metric
In this section, we give some properties of sendograph metric on the fuzzy
number spaces.
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Let x = (x1, x2, . . . , xn) ∈ Rn and β ∈ R, we use (x, β) to denote (x1, x2, . . . , xn, β) ∈
R
n+1.
The following Theorem 2.1 shows that, for each fuzzy numbers u, v, w in
(Ep, D), the distances between the points in the convex hull Cov(u, v) with w
can be dominated by the distances between u, v with w.
Theorem 2.1 Suppose that u, v, w ∈ Ep. Then
D(αu+ (1− α)v, w) ≤
√
D(u, w)2 +D(v, w)2
for each α ∈ [0, 1].
Proof Fix α ∈ [0, 1] and put c = αu+ (1− α)v. Given (x, β) ∈ sendw, then
H((x, β), send u) ≤ D(u, w),
H((x, β), send v) ≤ D(v, w)
and therefore there exists (y1, λ1) ∈ send u and (y2, λ2) ∈ send v such that
d((x, β), (y1, λ1)) ≤ D(u, w),
d((x, β), (y2, λ2)) ≤ D(v, w).
We may suppose that λ1 ≤ λ2 with no loss of generality, hence
d((x, β), (αy1 + (1− α)y2, λ1)) ≤
√
D(u, w)2 +D(v, w)2,
and then
d((x, β), send c) ≤
√
D(u, w)2 +D(v, w)2.
From the arbitrariness of (x, β) in sendw, we know that
H∗(sendw, send c) ≤
√
D(u, w)2 +D(v, w)2. (1)
Given (y, λ) ∈ send c, then there exists (y1, λ) ∈ send u and (y2, λ) ∈ send v
such that y = αy1 + (1− α)y2. Since
d((y1, λ), sendw) ≤ D(u, w),
d((y2, λ), sendw) ≤ D(v, w),
we can find (x1, β1) and (x2, β2) in sendw such that
d((y1, λ), (x1, β1)) ≤ D(u, w),
d((y2, λ), (x2, β2)) ≤ D(v, w).
We may suppose β1 ≤ β2 without loss of generality, thus
d((y, λ), (αx1 + (1− α)x2, β1)) ≤
√
D(u, w)2 +D(v, w)2,
3
this implies that
d((y, λ), sendw) ≤
√
D(u, w)2 +D(v, w)2,
so we obtain that
H∗(send c, sendw) ≤
√
D(u, w)2 +D(v, w)2 (2)
from the arbitrariness of (y, λ) in send c. Combined with inequalities (1) and
(2), we know that
D(c, w) ≤
√
D(u, w)2 +D(v, w)2. ✷
Corollary 2.1 Suppose that u, v, w ∈ Ep. Then
D(αu+ (1− α)v, w) ≤
√
2max{D(u, w), D(v, w)}
for each α ∈ [0, 1].
Proof The desired result follows immediately from Theorem 2.1. ✷
The following Theorem 2.2 discusses the properties of D-continuous fuzzy-
valued-functions.
A function F : R → Ep is said to be D-continuous if, for each x ∈ R,
limy→xD(F (y), F (x)) = 0.
A set U in Ep is said to be uniformly-support-bounded if there is a compact
set K in Rp such that [u]0 ⊂ K for all u ∈ U .
Theorem 2.2 Let F : R → Ep be D-continuous, then for each compact set
U in R, F (U) is uniformly-support-bounded.
Proof From the basic topology, we know that F (U) is a compact set in
(Ep, D), and thus F (U) is a bounded set in (Ep, D). Note that H([u]0, [v]0) ≤
D(u, v) for all u, v ∈ Ep , take w ∈ U , put
K = {x ∈ Rp : d(x, [F (w)]0) ≤ D(u, v)},
then K is a compact set in Rp and K ⊇ [F (u)]0 for all u ∈ U , thus F (U) is
uniformly-support-bounded. ✷
The following Theorems 2.3 and 2.4 consider the variation of sendograph dis-
tances under the scalar multiplication operator and plus operator.
Theorem 2.3 Let u ∈ Ep and let α, β ∈ R, then D(αu, βu) ≤ |α−β|max{‖y‖ :
y ∈ [u]0}.
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Proof For each (x, λ) ∈ sendαu, there is a z such that x = αz and (z, λ) ∈
send u. Thus we know that
d((x, λ), send βu) ≤ d((αz, λ), (βz, λ)) ≤ |α− β|max{‖y‖ : y ∈ [u]0}.
From the arbitrariness of (x, λ) in sendαu, we know that
H∗(sendαu, send βu) ≤ |α− β|max{‖y‖ : y ∈ [u]0},
and by exchanging α and β in the above inequality, we thus obtain that
D(αu, βu) = H(sendαu, send βu) ≤ |α− β|max{‖y‖ : y ∈ [u]0}. ✷
Theorem 2.4 Suppose that uj, vj ∈ Ep, j = 1, 2, . . . , n. Let u = ∑nj=1 uj and
let v =
∑n
j=1 vj, then D(u, v) ≤
∑n
j=1D(uj, vj).
Proof Given (x, λ) ∈ send u, then there exists x1, x2, . . . , xn such that (xj , λ) ∈
send uj, j = 1, 2, . . . , n and x =
∑n
j=1 xj . Since send vj is compact, we can
find (yj, µj) ∈ send vj such that d((xj, λ), (yj, µj)) = d((xj , λ), send vj), j =
1, 2, . . . , n. Let µ = min{µ1, µ2, . . . , µn}, then we have
d((x, λ), send v) ≤ d((x, λ), (
n∑
j=1
yj, µ)) = d((
n∑
j=1
xj , λ), (
n∑
j=1
yj, µ))
≤
n∑
j=1
d((xj, λ), (yj, µj)) =
n∑
j=1
d((xj, λ), send vj)
≤
n∑
j=1
H∗(senduj, sendvj).
From the arbitrariness of (x, λ) in send u, we know that
H∗(sendu, sendv) ≤
n∑
j=1
H∗(senduj, sendvj).
Since u, v is symmetric, we have that
D(u, v) ≤
n∑
j=1
D(uj, vj). ✷
3 Concluding remark
This paper discusses the properties of sendograph metric on fuzzy number
spaces. The results in this paper can be used to study the properties of fuzzy-
valued functions. It can also be used to design and analyze the fuzzy neural
5
networks. Using the methods in this paper, we can also obtain the following
properties of endograph metric.
Suppose that u, v, w, uj, vj ∈ Ep, j = 1, 2, . . . , n. Then
Γ(αu+ (1− α)v, w) ≤
√
Γ(u, w)2 + Γ(v, w)2
for all α ∈ [0, 1],
Γ(βu, γu) ≤ |β − γ|max{‖y‖ : y ∈ [u]ε}+ ε
for all β, γ ∈ R and ε ∈ [0, 1], and
Γ(
n∑
j=1
uj,
n∑
j=1
vj) ≤
n∑
j=1
Γ(uj, vj).
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